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Let be a separable field and suppose a discrete on F 
has a extension to We prove relation d e - + c, d is differential 
exponent, the ramification c the contraction. 
Introduction 
Let F be a field, v a normalized discrete valuation of F. Denote by V the 
valuation ring of Y, P its unique maximal ideal and by 2 the residue field VIP. 
Given a finite separable algebraic extension E/F of degree IZ there are a finite 
number of normalized discrete valuations v,, . . . , v, on E extending V. Let ei be 
the ramification index of V, over v-thus ~,(a) = e,v(a) for all a E F-and let 
f, = [S, : 21, the residue class degree. These numbers are related by cr=, e,f, = n. 
In this note we consider the particular case r = 1; thus v has a unique extension to 
E. We now write V’ instead of V, and let V’, P’, C’ be the valuation ring, maximal 
ideal and residue class field, respectively, for v’. The ramification index of v’lu we 
denote simply by e and the residue class degree by f; thus now ef = n. This case 
that we are considering happens, for example, whenever 
(a) F is complete with respect to V; or 
(b) E = F(a) is obtained by adjoining a root LY of a v-Eisenstein polynomial 
4(X) E F[X]; i.e. 4(X) = X” + a,,_,X”-’ + . . . + a,X + a0 with ~(a,) 2 1 for 1 5 
i 5 n - 1 and ~(a,,) = 1. In this case V’ is fully ramified over Y: e = n and f = 1. 
More generally this occurs whenever the Newton polygon of 4(X) is a single line 
segment whose slope is a rational number with (reduced) denominator n. 
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Let tr(x), or just tr x, denote trace,,,(x). The trace maps V’ into V: 
for all x E E , v’(x) 2 0 implies v’(tr x) 2 0 (1) 
Since the trace maps E onto F there are also x in E having v’(tr x) < 0. The 
differential exponent of v’iv is defined to be the largest integer d such that 
for all x E E , v’(x) I - d implies y ‘( tr x) 2 0 . (2) 
Clearly, d 2 0. The different is then defined to be the ideal (or divisor) P”‘. 
Another invariant of v’iv is the ‘trace contraction’ c defined by 
c = _r2nx{ v’(tr x) - v’(x)} . (3) 
Here E” is the set of nonzero elements of E. If tr x = 0 then v’(tr x) = 00, but 
since there are x E E with tr x # 0 and, as will be shown below, 
for all x E E , v’(tr x) 2 v’(x) (4) 
(which in particular gives (1) above), the set of values over which the min is taken 
consists of, besides 00, nonnegative integers. Thus c is a well-defined integer ~0. 
Our main result is the relation 
d=e-l+c. (5) 
Previously only the inequality c 2 d - e + 1 was known (see [3, p. 721 and [5, p. 
1421). In the next section we prove (4), (5) and show how c can be calculated 
from a (certain type of) basis of E/F. We also analyze the trace contraction a little 
further and conclude with a brief numerical example. 
Theory 
We define a basis B = {z,, . . , z,,} of E/F to be ‘special’ if for all 
a ,,“‘, a, E F 
v’(a,z, + a,z, +. . . + a,z,) i _ 
= min{ v’(a,z,), v’(aTz7), . . . I v’(a,,z,)l . - _ (6) 
The existence of such a basis follows from the fact that-whether V’ is the unique 
extension of v or not-if x, , . . . , x, E E are such that I’, . . , v’(x,) are a 
complete set of residues mod e and if y , , . . . , yf E V’ are such that their residue 
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classes j, (= y, mod P’), yl, . . . , yf in Z’ = I/‘/P’ form a basis for 2 ‘/C, then the 
ef elements {x,yj} ,__i_,,,_sf are linearly independent over F and for any a,, E F, 
“(C,.j ai,x;Yj) = min,,,{ v’(a,,x,yj)}. See, for example, [6, pp. 24-251 or [l, pp. 
60-611. Thus in our particular situation where ef = n = [E : F] it follows that the 
n elements {xiyj} are in fact a special basis as defined above. Now let B = 
{z,, . . . , z,,} be a special basis. Given x E E and z,, 15 i 5 n, there are elements 
a,, E F such that xz, = cr=, a,,~,. Thus ~‘(xz,) = min,,,,,,{ v’(~,~z~)} 5 Y’(u~~z~), 
yielding V’(X) 5 ~‘(a,,) for each i. But tr x = c:‘=, u,~, hence v’(tr x) = 
Y’(C~=~ a,,) 2 V’(X), which proves (4). 
Theorem. d = e - 1 + c. Zf B = {z, , . , zn} is a special basis, define c(B) = 
min ,si_Z{ v’(tr z,) - I’}. Then c(B) = c. 
Proof. Let 6 = e - 1 + c. To show d = 6 we must show 
(a) for all x E E, v’(x) 2 -6 implies v’(tr x) 2 0; and 
(b) there exists x E E such that Y’(X) = -6 - 1 and v’(tr x) < 0. 
For (a), let x E E and suppose V’(X) 2 -6 = -e + 1 - c. By the definition of c, 
-c 1 - v’(tr x) + v’(x), so V’(X) 2 -e + 1 - v’(tr x) + Y’(X), or v’(tr x) 2 -e + 1. 
Then v’(tr x) = ev(tr x) = 0 (mod e) forces v’(tr x) 2 0. 
For (b), choose y E E such that u’(tr y) - v’(y) = c. Then - 6 - 1 = 
-e - v’(tr y) + v’(y)= V’(Y) (mode), so there is uE F having V(U) = 
(-6 - 1- V’(Y))/ e or v’(a) = -6 - 1 - Y’(Y). Set x = uy and note that V’(X) = 
v’(a)+v’(y)=-6-l while trx=utry so v’(trx)-v’(x)=c also. Thus 
y’(tr x) = V’(X) + c = -6 - 1 + c = -e < 0. This completes the proof that d = 6 = 
e-l+c. 
Now given the special basis B, clearly c(B) 2 c. On the other hand, choose 
again y E E having v’(tr y) - V’(Y) = c. In terms of B, y = cy=, u,zi for appropri- 
ateu;EF.Thentry=C:‘=,u;trz,, 
v’(tr y) 2 ,y&{ ~‘(a, tr z,)} = ~‘(a, tr zk) , 
say. But V’(Y) = min ,~,~,l{~‘(a;z,)> 5 v’(a,z,). Thus 
c = v’(tr y) - V’(Y) 2 ~‘(a, tr zp) - v’(u~z~) 
= v’(tr zk) - v’(z~) 2 c(B) . 
This completes the proof of the theorem. 0 
From the theorem we see that always d 2 e - 1 with equality iff c = 0. For the 
sake of completeness we mention that d = e - 1, c = 0 always occurs unless 2 ‘/Z 
is not separable or the characteristic of 2 is a prime p > 0 and pie. This follows 
easily from the formula tr x = e tr,.,,(.?) which holds for all x E V’. A proof can 
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be found in [2, p. 69]-although there it is done 
the proof is general and self-contained. Thus if 
one has d=e-1, c=O whenever charX=O 
in the context of function fields, 
C ‘1-Z is known to be separable, 
or char2 =p ~0 but pte. If 
char 2 = p and pie, then d > e - 1, c > 0; this is known as wild ramification and 
here there is an element of unpredictability. We remark that in the statement and 
proof of our theorem no assumption of separability of the residue class extension 
.Z’/Z is made. 
We have defined the trace contraction as the largest integer c such that 
v’(tr x) 2 v’(x) + c for all x E E. The reason for this terminology is that with 
respect to the metric on E induced by I/‘, v’(x) represents the distance from x to 0 
and the above inequality shows that the trace contracts x to tr x, closer to 0, and c 
is a measure of how much closer. A neighbourhood basis of 0 E E is given by the 
‘disks’ pIi1 = {x E E 1 Y’(X) 2 h}, h E Z. The larger h, the smaller the disk. We 
shall say that the trace contracts Pth by a factor of m, which in general depends 
on h, if tr(P!“) C P’Jr+‘n but is $ P”‘+‘n+‘. Clearly tr(P”‘) C Pfh+’ so c is a 
uniform lower bound on the contraction factor of the trace on each Pth. Without 
going into the details, we summarize what can be shown: 
For h E Z, let E,? = {x E E 1 v’(x) = h} and define cl, = minx,.,,{ v’(tr x) - 
v’(x)}. Then ch is the contraction factor for the trace on P”‘. The numbers ch 
depend only on h mod e. There is a unique integer, Y, 0 5 Y 5 e - 1 for which 
c,. = c. For any integer h, find the unique integer j such that 1 5 j 5 e and h - r = j 
(mod e). Then c,~ = c + e - j. Thus the smallest contraction factor is cl, = c, 
occurring when h = Y (mod e) while the biggest is c,, = d, occurring when h = r + 1 
(mod e). 
We make a few observations about a special basis B = {z,, . . , z,,}. 
(a) Any permutation of B is again a special basis. 
(b) For any w E E x, B’ = { wz,, wz?, . . . , wz,,} is a special basis. For if 
a,, . . . , a,, E F, 
= V’(W) + mjn(v’(u,z,)} = mjn{vl(a,Mtz,)} . 
(c) For any y E E x there is a special basis having y as a member. In fact, in (b) 
take w = yzl’ and then B’ = {y, . .}. 
Concerning the trace contraction c, if y E E satisfies v’(tr y) - V’(Y) = c, then 
the same is true for any z = ay, a E F”, as noted in the proof of the theorem. In 
particular, if a = 1 /(tr y), then tr z = 1 so c = v’(tr z) - v’(z) = -V’(Z). Thus 
c = ;t”,iz, { - v’(x)} . (7) 
An element of trace 1 affording the minimum can be found as follows. Let 
B={z,,..., z,,} be a special basis and let B” = {z;, . . . , zE> be the dual 
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basis: tr(zTzj) = 0 if i #j, = 1 if i = j. By a previous remark, B, = 
{ * zyz,, Z,Z*, “. > Z,bLn * * } is again a special basis. By our theorem, 
c = c(B,) = ,y&{ v’(tr(zyz;)) - v’(zTzI)} 
= min{ - Y’(z:z,), a, . . , x} = - v’(zTzI) . 
Thus 
tr(zTz,) = 1 and c = - v’(z:z,) . (8) 
This can be applied to the fully ramified case (e = n, f= 1) mentioned in the 
Introduction. Assuming V’ fully ramified over V, let x E E be any element such 
that V’(X) = m and gcd(m, n) = 1. Then the integers Y’(x’) = im, for i = 
0, 1, . . . ) n - 1, are a complete set of residues mod e so that B = 
{x 
n-1 
) x’1-2, . . . ) l} is a special basis. Let 4(X) E F[X] be the manic minimal 
polynomial of x over F. By a classical result the basis dual to B is 
where 4(X) = (X - x)(b,_,X”-’ + . . . + b,) in E(X], see [l, p. 891 or [6, p. 1061. 
In particular, b,_ 1 = 1, so that with z, = x’~‘, zT = & , (8) yields 
n-1 
c = -v’ ;,(x) c 1 - = V’(4’(X)) - (n - 1)m . 
Finally, if 4(X) = a,,X” + a,_,X”~’ + . . . + a,, E F[X], a,, = 1, then $‘(x) = 
c;=, ia,x”. Since B is a special basis we have 
Putting this into the above expression for c finally yields the explicit formula 
c = ,m,i;,l{nu(ia,) + (i - l)m} - (n - 1)m . (9) 
In conclusion we consider briefly a concrete example: Let 4(X) = X’ - 
100X + 100 E Z[X]. The Newton polygon of +(X) with respect to both the 2-adic 
valuation V* and 5-adic valuation V~ on Q is a line segment of slope -2/5. Thus 
$(X) is irreducible, the number field E = Q(x) has degree 5, and both V? and vs 
have unique extensions v;, v;, respectively to E which are fully ramified; e = 5, 
f= 1, for both. The theory of the Newton polygon also yields V;(X) = 2, V;(X) = 2. 
Thus we can apply (9) with n = 5, m = 2, a,, = 100, a, = -100, u7 = a3 = a, = 0, 
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a5 = 1 to obtain 
c(v;IvJ = min{5v,(-lOO), Sv,(S) + 8) - 8 = 0 
and 
c(v;Ivs) = min{5v,(-lOO), 5v,(5) + S} - 8 = 2 
and so the differential exponents are d(vilvz) = 4 and d(v;Ivs) = 6. 
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